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1. Introduction 



In this investigation, we study a duality that relates the simplest M = 2 warped 
compactifications to standard type IIA Calabi-Yau compactifications with no flux. We 
view this investigation as a first step toward the larger goal of understanding which warped 
compactifications represent new string vacua, and which are just alternative descriptions 
of more conventional fluxless compactifications. 

Warped compactifications, specifically those of D3/D7-type, are an exciting arena 
in which we have begun to address several important problems in string theory and its 
applications to cosmology and particle physics. One of the insights of this class of com- 
pactifications is in understanding moduli stabilization. Turning on internal Neveu-Schwarz 
(NS) and Ramond-Ramond (RR) 3-form flux generates a perturbative superpotential that 
generically stabilizes all complex structure moduli and the axion-dilaton |l]J!,|3],[ll| • By 
combining this observation with mechanisms for Kahler moduli stabilization and super- 
symmetry breaking, this class has been used to construct metastable de Sitter vacua and a 
variety realizations of inflation in string theory ||[7[]. It is also the ensemble within which 
statements have been made about the "landscape" of string theory vacua || . Most recently, 
D3/D7-type warped compactifications have been used in MSSM-like model building, where 
they provide an underlying theory of soft masses that shows promise for explaining some 
of the usual assumptions on soft masses and the /U-term needed to avoid contradiction 
with experiment 0. Finally, warped compactifications come with a holographic interpre- 
tation (due to the warping) that often lets us view field theory phenomena in an intuitive 



geometrical way |10[]. For example, the scale of gaugino condensation in the model of 
Klebanov and Strassler is related to the size of a minimal 3-sphere in the warped deformed 
conifold 01]]. 

These D3/D7-type warped compactifications, with all of their desirable features, are 
often presented in a way that suggests they are simply a convenient alternative description 
of more conventional heterotic or type II compactifications rather than independent vacua. 
That is, they make certain phenomena manifest that are also present in more complicated 
ways in conventional type II or heterotic duals. However, it is not clear in which cases 
there actually exist conventional duals. 

As usual, the question is easiest to answer in the case of M = 4 supersymmetry. In 
this case, the only warped compactification with D3 branes is the T 6 /Z,2 orientifold with 16 
D3 branes and 64 03 planes. This background is dual to type I on T 6 (via six T-dualities), 
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and then to the heterotic string on T 6 (via S-duality), and to type IIA on K3 x T 2 (via 
heterotic/IIA duality). The Af = 1 case is more difficult and we will have nothing to say 
about it here. On the other hand, the Af = 2 case is nontrivial enough to be interesting, 
yet simple enough to be tractable via standard string dualities. We will focus on the Af = 2 
case in this investigation. 

For Af = 2, there exist large web(s) of connected Calabi-Yau vacua. One of the goals 
in asking about Calabi-Yau dual descriptions of Af = 2 orientifolds is to improve our 
understanding of the connectedness of string theory vacua — a likely prerequisite for under- 
standing potential mechanisms for vacuum selection in string theory. The strongest notion 
of vacuum connectedness is connectedness in moduli space. In this sense, all Calabi-Yau 



manifolds that are hypersurfaces in 4D toric varieties are connected |T^], and there are 
expected to be other large webs of Calabi-Yau vacua that are connected in the same way 
through flops and conifold transitions |T3[]. Weaker notions of connectedness also exist 
and could be relevant in cosmology, which probes more than just the minima of poten- 
tials. For example, all T 6 /Z2 orientifold vacua have been shown to be connected through 
time-dependent bubbles, including pairs of vacua that preserve unequal amounts of super- 
symmetry |ji~4"f . By relating Calabi-Yau vacua to A/" = 2 vacua of the T 6 /Z2 orientifold, we 



open the possibility of unifying into one large class the two types of connected vacua just 
described. 

An outline of the paper is as follows. In Sec. 2 we review the T 6 /Z2 orientifold |2|,[| 
with Af = 2 flux. The space of warped compactifications with compact internal manifold 
that preserve Af = 2 supersymmetry includes the T 6 /Z2 orientifold and the T 2 /Z2 x 
K3 orientifold [|J. We restrict to T 6 /Z2 for simplicity. After introducing the necessary 
background on T 6 /Z2 in Sec. 2.1, we derive the metric moduli constraints resulting from 
Af = 2 flux in Sec. 2.2, and the complete massless spectrum in Sec. 2.3. 

In Sec. 3, we describe the chain of dualities that we will use to relate T 6 /Z2 with 
Af = 2 flux to a purely geometrical type IIA Calabi-Yau compactification — three T-dualites 
followed by a 9-10 circle swap. This duality was first sketched in Ref. fl5 l. The remainder 
of Sec. 3 is devoted to implementing the T-dualities. In Sec. 3.1, we review the action of 
T-duality on NS flux. Then, in Sec. 3.2, we perform the desired three T-dualities to obtain 
the 06/D6 backround dual to T 6 /Z2. 

In Sec. 4, we perform a lift to M theory on the x 10 circle and a compactification 
to IIA on the x 9 circle. We begin in Sec. 4.1 with a qualitative overview of how the 
chain of dualities results in a Calabi-Yau compactification. Approximate metrics for the 
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dual Calabi-Yau manifolds are derived from the duality chain in Sec. 4.2. In Sec. 4.3, we 
obtain the Kahler form and (3, 0)-form in these approximate metrics and show that they 
are closed. Sec. 4.4 provides a further discussion of the complex structure moduli and an 
enumeration of the Kahler and complex structure moduli in the approximate description. 

The purpose of Sec. 5 is to establish an intuition for the sense in which the leading 
order approximate M theory lift encodes most of the topological data that one would ever 
want to extract from the complete lift. This section is largely a review of Sen's treatment 



in Ref. [|T6[. We first explain why the leading order lift is only an approximation to the 
exact lift whenever orientifold planes are present in the IIA background. We then present 
examples of increasing complexity, explaining how configurations of D6 branes and 06 
planes relate to the homology cycles and harmonic forms in the M theory lift. 

We get to the heart of the paper in Sec. 6. Using the leading order description of the 
dual Calabi-Yau manifolds, we compute a basis of harmonic representatives of H 2 (Xq, Z) 
in Sec. 6.1. We then use this basis to compute the intersection numbers. In Sec. 6.2, we 
demonstrate that these Calabi-Yau manifolds are abelian surface fibrations over P 1 . Having 
identified the fibration structure, we discuss the homology duals to the cohomology basis 
in Sec. 6.3. Sec. 6.4 contains a partially heuristic check of the fibration result using a 
theorem by Oguiso and a feature of the topological amplitude F± that we deduce from the 
T 6 /Z2 dual description. 

In Sees. 7 and 8, we further sharpen our understanding of the Calabi-Yau geometry. In 
Sec. 7, we identify discrete gauge symmetries of the T 6 /Z2 orientifold that arise from U(l) 
gauge symmetries that are incompletely Higgsed by non-minimally-coupled scalars. These 
gauge symmetries tell us about torsion cycles and discrete isometries in the dual Calabi- 
Yau manifolds. In Sec. 8, we identify S-duality of the T 6 /Z2 orientifold with T-duality of 
the abelian surface fibers in the Calabi-Yau dual description. 

Finally, in Sec. 9, we report attempts to identify some of the dual Calabi-Yau manifolds 
in terms of known constructions. From a duality based computation of the second Chern 
class of these Calabi-Yau manifolds, we rule out the possibility that they are quotients of 
T 6 . This implies one of two possible interesting results, one mathematical and one physical, 
depending upon whether the Calabi-Yau duals contain rational curves. If they do, then we 
infer the existence of nonperturbative corrections in the T 6 /Z2 orientifold that have not 
been previously deduced by other means. If they do not, then we have mathematically 
interesting examples of Calabi-Yau manifolds other than quotients of abelian threefolds 
that do not contain rational curves. 

In Sec. 10, we conclude. 
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2. The T 6 /Z 2 orientifold with TV = 2 flux 

2.1. Review ofT 6 /Z 2 

The T 6 /Z*2 orientifold is defined by compactifying type IIB string theory on T 6 and 
then quotienting by the Z 2 orientifold operation 

Z 2 : fi(-l) F ^X 6 . (2.1) 

Here O is worldsheet orientation reversal, (— 1) Fl is left-moving fermion parity,0 and Xg is 
inversion of the T 6 . We take the coordinates of the T 6 to have unit periodicity, x m = x m +l. 
The inversion T§ acts as x m — > —x m on the T 6 , with fixed points at x m = 0,1/2 for 
m = 1, . . . , 6. These are the locations of 64 03 planes. 

For consistency of the model, a D3 charge cancellation condition on the T 6 must be 
satisfied. The condition is 

2M + iV flux = 32, (2.2) 
where M is the number of independent D3 branes and iVfl ux is defined by 

This condition is the integral form of the F($\ Bianchi identitity. We assume that there is 
no localized flux on the 03 planes. Then, on the Z 2 covering space T 6 , there are M D3 
branes plus M Jq image branes, and the flux is quantized as 

tf (3 ),F (3 ) G (2tt)V# 3 (T 6 ,2Z). (2.4) 

The 2Z quantization condition on the covering space T 6 is a Z quantization condition on 
T 6 /X 6 . It guarantees integer periods of Ft 3 ) and over cycles in T 6 /X 6 that descend 
from half-cycles in T 6 . 

Finally, the geometry is warped. The 10D string frame metric is 

ds 2 = Z- 1/2 r]^dx^dx v + Z 1/2 dsl 6 , (2.5) 

1 The second factor is need to ensure a supersymmetric spectrum. For light states, i.e., those 
that oscillatorwise are massless, (—1) Fl acts as —1 on left-moving Ramond sector states and +1 
on left-moving Neveu-Schwarz sector states. 
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where the warp factor satisfies the Poisson equation 



-V T 6^ = (27r)a g s \y Qi — h — — . (2.6) 



The dilaton profile is constant in the internal directions, 

e*=g s . (2.7) 

In Eq. (|2.6| ), the sum runs over M D3 branes, M image D3 branes, and 64 03 planes. The 
charge Q is normalized so that Qd3 = 1 and Q03 = — 1/2. 

The simplest way to satisfy Eq. ( p.2|) is with M = 16 D3 branes and no flux. Then 
the model preserves Af = 4 supersymmetry and is T-dual to type I on T 6 , via T-duality in 
the six torus directions.! More generally, we can trade off some or all of the D3 branes for 
quantized flux while still satisfying Eq. (|2.2| ). In the low energy effective field theory, the 
fluxes are the charges of a 4D M = 4 gauged supergravity theory. In this theory, there is 
a superhiggs mechanism that spontaneously breaks the supersymmetry to M < 4. In 
terms of the torus length scale R, the superhiggs scale is a' /R s . (The factor of a' arises 
from the quantization condition ( |2.4| ) , and the factor of R 3 from the volume of the 3-cycles 
carrying the flux.) For R ^> l/v^a 7 , this scale is much lower than the Kaluza-Klein scale 
1/R, which in turn is much lower than the string scale. 

2.2. M = 2 flux and constraints on metric moduli 

Up to SL(2, Z) duality of the axion-dilaton and SL(6, Z) change of lattice basis of the 
T 6 , the only known class of flux that preserves M = 2 supersymmetry is [^|,|l] 



(2.1 



F (3) /((27r) V) = 2m(cfa 4 A dx 6 + dx 5 A dx 7 ) A dx 9 , 
tf (3) /((27r) V) = 2n(dx 4 A dx 6 + dx 5 A dx 7 ) A dx 8 . 

Here m and n are positive integers satisfying the D3 charge cancellation condition 

4mn + M = 16. (2.9) 

Note that interchange of m and n has the interpretation of S-duality followed by a 90° 
rotation in the 89-directions. We will return to this m <-> n duality in Sec. 8. 



2 For each pair of directions, the T-duality takes T2 P to X2 P -2 and introduces another factor 
of (-1) Fl in Eq. (O). 
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The superhiggs mechanism for this class of flux was discussed recently in Ref. fnj . 



The supersymmetry conditions require that G(s) = -^(3) — TdnH(s) be primitive and of 
Hodge type (2, 1). (Primitivity means that J A G^) = 0, where J is the Kahler form.) 
This constrains the torus to factorize as 

T 6 = T^ 4567 | x Tjg 9 } (2.10) 

with respect to both Kahler and complex structure, and then imposes some additional 
constraints. A convenient parametrization of the metric moduli is obtained by writing the 
T 2 metric as 

ds 2 T2 = -^-\dx 8 + r 3 dx 9 \ 2 1 (2.11) 
Im r 3 1 1 

and then writing the T 4 as a flat fibration of 2^ 45 i. over T 2 67 y. 

dsi 2 = -^\(dx* + a 4 ) + rUdx 5 + a 5 )\ 2 + -^-\dx 6 + r 2 dx 7 \ . (2.12) 
Im T\ 1 Im r 2 1 1 

Here the flat connections a 4 and a 5 are constant 1-forms on T 2 6J y. The Imr^ factors in the 
denomenators are necessary so that the v i are the volumes of the corresponding 2-tori. In 
terms of this parameterization, the further constraints on the metric moduli that follow 
from the supersymmetry conditions are 

t±T2 = -1, (m/n)r d iir 3 = -1, (a 4 ) 7 = (a 5 ) 6 , (2.13) 

with Vi,V2,V3 arbitrary. 

2.3. The massless spectrum ofT 6 /7,2 with M = 2 flux 

The superhiggs mechanism involves more than just the metric moduli. Before taking 
into account the masses due to the flux, the massless bosonic fields preserved by the 
orientifold projection are 

1 4D graviton g^ v , 
Bulk: <] 12 4D vectors 6 (2 )m M , c (2)7nM , (2.14a) 
38 4D scalars c^ )mnpq , g mn , r di i = c (0 ) + ie^, 

from the closed string sector, and 

f 1 4D vector A*, 
Branes: M x < . M 2.146 

I 6 4D scalars $ 7m , 



! 
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from the open string sector. In 4D M = 4 terms, these fields fill out the bosonic content 
of one gravity multiplet and 6 + M vector multiplets. 

Now let us take into account the superhiggs mechanism due to the flux. The con- 
straints ( |2.13| ) leave a total of 10 real metric moduli: t>i, 1*2,^3, 2 independent r, and 3 
independent (a m ) n . The kinetic terms for the cu) scalars are proportional to 

|dc( 4) - F (3) A 6 (2) + H {3) A c (2 ) | 2 , (2.15) 
1 — 1 2 

from the flux kinetic term LF(5) • (See Ref. for a detailed discussion.) The C(4) scalars 
are axionically coupled to the vectors b^mn an d C( 2 ) nM with charges given by i?( 3 ) and 
F( 3 ), respectively. One finds that 9 of the vectors eat 9 of the cu\ axions, leaving a total 



of 3 massless vectors and 6 massless C(4) axions |E7|. In the open string sector, none of 
the massless D3 worldvolume fields is lifted by the flux. All together, these massless fields 
fill out the bosonic content of one M = 2 gravity multiplet, 2 + M vector multiplets, and 
3 + M hypermultiplets. 



3. The O6/D6 dual of T 6 /Z 2 

We will ultimately relate the above T 6 /Z2 orientifold vacua to standard type II A 
Calabi-Yau vacua by performing three T-dualities followed by a 9-10 circle swap (i.e., 
lifting to M theory on x 10 and then compactifying on a; 9 )Jl However, before attacking 
the full problem, let us first review the action of T-duality on NS flux in a simplified 
context UTS . 



3.1. Warm-up: the action of T-duality on NS flux 

Consider a T 3 in the T 6 /Z2 orientifold, such that Hr%\ through this T 3 is nonzero. 
For simplicity, we neglect the warp factor and take the metric on this T 3 to be 

ds 2 = dx 2 + dy 2 + dz 2 . 

(It will be easy to include the warp factor and nontrivial metric when we discuss the case 
of interest in the next section.) Let the NS flux and potential be 

Hp) = Ndx A dy A dz, S( 2 ) = Nxdy A dz. 



3 The existence of this chain of dualities was first discussed in Ref. [|15|| following suggestions 
by P. Berglund and N. Warner. 
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Now T-dualize in the z-direction. From the Buscher rules [IS], the resulting metric and 
NS B-field are 



ds 2 = dx 2 + dy 2 + (dz + Nxdy) 2 , S (2 ) = if( 3 ) = 0. 

The T 3 metric has been replaced by an S 1 fibration, or equivalently U(l) principal bundle, 
over T 2 . The U(l) connection is A = Nxdy and the curvature is T = dA = Ndx A dy. 
The topology of the fibration is characterized by the Chern class [J 7 ] . 

In other words, T-duality has interchanged the following two fibrations: (i) the explicit 
geometrical S 1 fibration of the isometry direction, and (ii) the formal S 1 fibration of 
connection A = — f sl B^ 2 ) and curvature T = f sl . More generally, as long as there is 
an isometry that allows us to perform a T-duality, we can define both fibrations. Therefore, 



T-duality can always be interpretated as this sort of interchange. (See Refs. [IS,F7| for 
recent discussions.) 

3.2. T 6 /Z 2 after three T-dualities 

Now let us return to the problem of interest. Starting from the T 6 /Z2 orientifold with 
M = 2 flux, we can perform successive T-dualities in the x 4 , x 5 , and x 9 directions. The 
resulting 10D string frame metric is 

ds 2 = Z'- 1 ' 2 ( V ^dx»dx v + ds 2 T3 fib ) + Z n / 2 ds 2 TS base , (3.1a) 

where 

ds 2 T2 fib = 1 V 4 + r[v 5 1 2 + B?dx» 2 , (3.16) 

debase = T^-\dx 6 +T 2 dx 7 \ 2 + R 8 2 dx 8 . (3.1 C ) 

Imr 2 ' 

Here, r\ m = dx 771 + A m for m = 4, 5, where the connections have curvatures 

J^4 = dA 4 = 2ndx 6 A dx 8 and jr4 = dA 5 = 2ndx 7 A ^8 

Just as a single T-duality gave us a circle fibration in the previous section, the three T- 
dualities give us an (S 1 ) 3 = T 3 fibration. However, since there were only two components 
of NS flux before the T-dualities (cf. Eq. ( |2.8|) ), only two of the S 1 fibrations are nontrivial. 



The primed metric moduli and string coupling after the T-dualities are related to 
unprimed T 6 /Z 2 quantities by 

v[ = (2tt) V 2 M, K = (2tt) V/l? 9 , r[ = -1/n, g' s = g s (2nfa' 3 /(R 4 R 5 R 9 ). (3.3) 

These moduli satisfy the new constraints 

(n/m)v[ = g' s R 8l r{ = r 2 . (3.4) 

The warp factor Z' is related to Z by averaging over the T-duality directions. It satisfies 
the equation 

- V T 3 hase Z = 2nVa'g s ^ Qi —7= + 77 > (3-5) 

V j VfT3base ^3 base/ 

where now Qdg = 1 and Qoe = —4. Each T-duality adds one dimension to the O planes 
and D branes. After the three T-dualities, there are M D6 branes, M image D6 branes, 
and 8 06 planes filling 4D spacetime and wrapping the T 3 fiber. The 06 planes are located 
at the the fixed points of X 3 on the T^ ase , where X 3 takes (a; 6 , x 7 , x 8 ) to (— x 6 , — x 7 , — x 8 ). 
The solution to Eq. ( |3.5| ) can be formally expressed as 

Z' = 1 + 2TiVo'g' s ^2QiG(x 1 x I ) 1 (3.6) 

where the Green's function G(x, x') for the Poisson equation on T^ ase is defined by 

-V 2 T3 G(x,x') = _ _L with f d 3 Xy/g T3 G(x,x') = 0. (3.7) 

V9 T 3 V T 3 J T 3 

The leading constant of unity in Eq. ( |3.6|) has been chosen to ensure that the warp factor 
drops out of the metric in the limit g' s — ► 0. 
In terms of Z', the new dilaton profile is 

e^'-^o) = Z'- 3 / 4 , where e*° = g' a . (3.8) 

Finally, the only flux after the three T-dualities is 

F (2) = g'- 1 * 3 dZ' - 2m(2TiVa') (rj 4 A dx 7 - rf A dx 6 ) . (3.9) 
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4. M theory lift and dual IIA Calabi-Yau compact ificat ion 

4-1. Overview 

In the strong coupling limit, the type IIA orientifold of the previous section lifts to a 
purely geometrical M theory compactification with no flux. Via the standard identifica- 
tions, the F(2) flux determines the fibration of the a; 10 circle over the type IIA geometry, 
and the dilaton determines the size of this circle at each point. The only potentially 
singular objects in the lift are the 06 planes and D6 branes. However, as long as these 
objects are not coincident, each D6 brane lifts to a geometry that is locally a smooth 
Taub-NUT space times IR 6 ' 1 , and each 06 plane to a geometry that is locally a smooth 
Atiyah-Hitchin space times IR 6 ' 1 . Before the lift, the x 9 direction is not fibered, and does 
not appear in F( 2 ). As we will see, the warp factors also cancel in the right way so that 
after the lift, neither the Minkowski metric nor the x 9 metric is mixed with the other 
directions through a multiplicative warp factor. Therefore, the M theory geometry fac- 
torizes as IR 3 ' 1 x S^ 9 y x Xq, where Xq is smooth. Since this background preserves Af = 2 
supersymmetry, X G is necessarily a Calabi-Yau threefold. Compactifying on S^ g y gives a 
standard Calabi-Yau compactification of type IIA string theory. This proves the desired 
result: 

T 6 /Z 2 with M = 2 flux <-> IIA on a Calabi-Yau X 6 . 

The natural question that arises is Which Calabi-Yau threefold? We immediately 
know at least one piece of information. We computed the massless spectrum in the dual 
T 6 /Z 2 orientifold, and found that there were M + 2 vector multiplets and M + 3 hyper- 
multiplets, where M was the number of D3 branes. This tells us that the Hodge numbers 
of Xq are 

h 1 ' 1 = h 2 ' 1 = M + 2. (4.1) 

From the D3 charge cancellation condition M = 16 — 4mn, the possible values of M are 
M = 0,4, 8, 12, with multiplicities that are further distinguished by the choice of positive 
integers m and n. 

Beyond the Hodge numbers, we would like to compute more detailed properties of the 
Calabi-Yau duals. What are the intersection numbers? Is there a fibration structure? Is 
Xq simply-connected or is there a nontrivial fundamental group? A compact Calabi-Yau 
cannot have continuous isometries, but discrete isometries are allowed. Does Xq have any 
disrete isometries? Finally, we identified the interchange of m and n as S-duality in the 
T 6 /Z 2 orientifold. What is the corresponding duality in the Calabi-Yau description? 



10 



4-2. Dual M theory and type IIA approximate metrics 

In our conventions, the leading order relation between the 11D M theory metric and 
the type IIA dilaton, 1-form potential, and string frame metric is 

ds 2 n = e- 2 ^-^/ 3 dsj lA + e^-^^Ry 2 (dy + A) 2 , (4.2) 

where R y = 27r^/cVg s and A = Cm/(2ir\/a'). Consequently, the leading order M theory 
metric from the lift of the 06/D6 dual of T 6 /Z2 is 

ds 2 tl = f]^dx m dx n + ds 2 6 + R' 9 2 dx g2 , (4.3) 

where 

ds 2 = Z'- 1 R 10 2 (dx 10 +A) 2 + ^\7 1 4 +r[r ] 5 \ 2 +Z'(-^\dx 6 +r 2 dx^ 2 +R^ (4.4) 

Im r[ 1 1 V Im T2 / 

with coordinates identified modulo 

(x 6 , x\ x 8 , x 10 ) -> -(x 6 , x 7 , x 8 , x 10 ). (4.5) 

The 1-forms rf and corresponding circle fibrations are defined after Eq. ( |3.1|) . The 
fibration of the x 10 circle is defined by 

dA = i?" 1 * 3 dZ' - 2m(i] 4 A dx 7 — rf /\ dx 6 ), (4.6) 

where * 3 is the Hodge star operator in the 3D base metric ( |3.1cf) in the 678-directions. 
The 11D metric moduli satisfy the relations 

v[ = (m/n)R 8 Ri0i t[ = r 2 . (4.7) 

From the M theory background, we can then compactify on to obtain the purely 
geometrical type IIA background 

ds 2 i A = r]^dx m dx n + ds\, (4.8) 

with arbitrary string coupling. In this dual IIA compactification, the Regge slope and string 
coupling determine the M theory circle radius -Rg = 27Ta/o7(CY)(7 s (CY). The relation to 
the 11D Planck scale is 

Mn 1 = g'} 1 ^ 112 = ^(CYK^tCY), (4.9) 
where 1/(2k^ 1 ) = (27r) _8 Mn 9 is the prefactor multiplying the 11D supergravity action. 
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4-3. Kdhler form and (3,0) form 



The metric Q4.4Q is not the Calabi-Yau metric on the smooth Calabi-Yau Xq 1 but 
rather an approximation to it, in a sense that we will make precise in the next section. 
It is, however, a Calabi-Yau metric on the open space Z' > for which the metric is 
positive definite. This is guaranteed by the fact that throughout the classical supergravity 
dualities we have satisfied the equations for an M = 2 supersymmetric background. As 
an independent check of this claim, first note that there is a natural complex pairing of 
coordinates in which the (1, 0)-forms are 

rf 1 = r? 4 + r 2 n 5 , 

dz 2 = dx 6 + r 2 dx 7 (4.10) 
rf = (dx 10 + A) - itZ'dx 8 , 

where t = R$/Rio. For future convenience, let us define the Kahler moduli h and s by 

{y' l7 i>2, -Rs-Rio) = ("ffih, 2s, nh), where (m, n) = (m,n)/gcd(m, n). (4-11) 

These parameters will turn out to be Kahler moduli relative to basis elements of integer 
cohomology. The Kahler form and (3,0) form for the complex structure ( |4. 10| ) and metric 
ds\ are 

J = rhhrj 4 A rf + 2sZ'dx 6 A dx 7 + nhdx 8 A (dx 10 + A), 

n fmh-2s-nh\ 1/2 z i ]2 z s (4-12) 

O = 7,— n z A dz 2 A n z . 

V (Imr 2 ) 2 t J 

Here, we have normalized O so that |0 AO = |JAJAJ = Vol6 . Using Eqs. (|3.2|) and 
(p~6|), it is possible to show that dJ = <ifi = 0. So, the intrinsic torsion []2(J vanishes and 
the region Z' > is Calabi-Yau. 

4-4- Kdhler and complex structure moduli 

From the superhiggs mechanism in the original T 6 /Z2 orientifold, it is possible to show 
that the only massless deformation of Cm in the dual 06/D6 orientifold is SC^ oc dx 8 . 
This translates into a Calabi-Yau modulus 5 A = adx 8 . Therefore, let us write 

A = A + adx 8 : (4.13) 

and define 



T 



- 1 = a - it. (4.14) 
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Then, Eq. ( 4.1 0| ) can be alternatively written as 

rf 1 = dx 4 + r 2 dx 5 + A Z \ 

dz 2 = dx 6 + r 2 dx 7 , (4.15) 
rf 



1 :dx 10 + r- 1 dx 8 + A z3 . 



where 



= dA zl = Indz 2 A dx 8 , 
T zZ = dA z3 = d 8 Zdx 6 A dx 7 - 2m(r] 4 A dx 7 — rj 5 A dx G ), 
and Z is defined by 



(4.16) 



The quantity Z satisfies the rescaled Poisson equation 

(d s 2 + ^V 2 f2 )z = Y J Qi{5\x-x I )-l), J Zd 3 x = 0, (4.18) 

where T 2 is the torus obtained from T 2 6 7 y by rescaling to unit area. In the limit of small 



relative Kahler modulus h/s 1, the warp factor Z' is positive and the metric (|4.4|) is 
positive definite everywhere except in a small neighborhood of the X3 fixed loci. 
The complete list of Kahler and complex structure moduli is 

Kahler moduli: h, s, and M real dof in Z (2 + M total), 

Complex structure moduli: r, r 2 , and M complex dof in Z (2 + M total), 

in agreement with the earlier result for the Hodge numbers that we deduced from the 
number of massless vector and hyper multiplets in the T 6 /Z2 orientifold. 

5. Approximate versus exact M theory lifts of orientifolds 



The standard relation ( fl.2| ) between the 11D metric and type IIA supergravity back- 
ground assumes that the lid metric has an isometry in the direction used in the dimen- 
sional reduction. If this is not the case, then the relation does not give the full 11D metric, 
but rather its truncation to the lowest Fourier mode around the M theory circle. To gain 
insight on the relation between the exact Calabi-Yau duals of T 6 /Z2 and the leading order 
description given in the previous section, it is helpful to first consider the simpler case 
of an 06 plane and/or D6 branes in flat space. The description below draws heavily on 
Ref. 0. 
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5.1. The M theory lift of a single D6 brane or 06 plane 

For the lift of a single D6 brane or 06 plane in flat space, the M theory background 
resulting from Eq. ( |4.2|) is the purely geometrical background given by 1R 6 ' 1 times a 4D 
space with metric 

ds\ = Z- 1 R w 2 (dx 10 + A) 2 + Zdsls, (5.1a) 



where 



R O 

dA = * 3 dZ, and Z = l + — with i6R 3 . (5.16, c) 

8ir z \x\ 



For a D6 brane, we have Q = 1 and this defines a smooth Taub-NUT space. Nothing 
is lost in the truncation to lowest Fourier mode since the Taub-NUT space has a U(l) 
isometry around the x 10 fiber. The core of the D6 brane lifts to the point at which this 
fiber shrinks to zero radius. 



For an 06 plane, Q = —4. Eq. (5.1) together with the coordinate identification 



defines the large radius approximation to an Atiyah-Hitchin space pi] 
It is singular at small x. However, this just reflects the fact that we have discarded all higher 
Fourier modes in the a; 10 direction. The complete Atiyah-Hitchin geometry is smooth. 

The approximation becomes progressively worse as \x\ is decreased, until at small but 
finite x the inverse warp factor diverges and the M theory circle decompactifies. In type 
IIA language, DO branes become light near the 06 planes, where — > oo. In this region, 
the truncation of the low energy effective field theory to the 10D type IIA supergravity 
multiplet is a poor approximation. It is necessary to include the RR charged fields from 
the complete tower of DO bound states to reliably describe the local physics near the 06 
planes. 

The metric ( p.l| ) also has an interpretation as the 1-loop moduli space metric of a 
D2 brane probe ||22|| . In the 06 case, this metric is corrected by 3D instantons to the 
smooth Atiyah-Hitchin metric. However, this interpretation does not persist as an exact 
quantitative correspondence in the case of primary interest in this paper with only half as 
much supersymmetry ||23|] . Therefore, we will not pursue it here. 



To further set the stage for the interpretation of the approximate Calabi-Yau metrics 
of Sec. 4, we now review the Am-i and approximate Dm metrics resulting from leading 
order M theory lift of M D6 branes (Sec. 5.2) and M D6 branes in the presence of an 06 
plane (Sec. 5.3), respectively. In either case, the metric is again given by Eqs. ( |5.1a, 6| ), 
however the expressions for the warp factor differ. 
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5.2. M theory lift of M D6 branes 

For the lift of M D6 branes at positions xi in the transverse M 3 , the warp factor is 

M 

7, wVi<=>r<=> 7t = 

8ty 2 \x — xi 



1 + T^Z 1 , where Z I = ^—^—. (5.2) 



/=1 



Eq. (|5.1a, £| ) is then the metric for a multicentered Taub-NUT space [ 24j[ . The 5" 1 fiber 
shrinks over each center x/ on the M 3 base. In this geometry, we obtain 2-cycles with the 



topology of spheres from the fibration over curves in R 3 connecting any pair of centers 



xj, Xj. In the notation of Ref. [p!6[ , if we let S^j denote the holomology class of a sphere 
formed from this pair of centers, then the set {£1,2, £2,3, ■ • ■ , Sm-i,m} is a basis for Hi- 
The basis forms a "chain of sausage links," in which neighboring spheres intersect in 1 
point: Si-ij ■ Sij + i = 1. Also, Sij + i 2 = —2 since any two representatives of Sj.j+i 
intersect in the points xi,xj+i. The minus sign is due to orientation.^ The intersection 
matrix is minus the Cartan matrix of SU(M), and the space describes the resolution of 
an Am -1 singularity. 

There is also a Poincare dual description. There exists one L2 harmonic form for each 
center x 1 f27j: 



F 1 = (Z T /Z) m (-dx m A (dx 10 + A) + \ZR~l Vol M 3 m np dx n A dx p ) (5.3a) 

Here A 1 is defined by Eq. (5.16) with Z replaced by Z 1 . The F are anti-selfdual and have 
intersections 

F 1 AF J = -d IJ . (5.4) 



The harmonic forms u I,J = F 1 —F J have Am-i intersection matrix and are representatives 
of the cohomology classes dual to the spheres Si } j. In discussing the Calabi-Yau duals 
of T 6 /Z*2, it will initially be more convenient to work with an analogous cohomology 
description than with homology. 



4 An alternative description of this minus sign is as follows [25,26]. A multicentered Taub- 
NUT space is a Calabi-Yau 2-fold, so its first Chern class vanishes. One can then show from the 
adjunction formula that the self-intersection number of a genus g holomorphic curve is 2g — 2. 
The g = rational curves are isolated, but formally have self-intersection —2 for agreement with 
the g > formula. 
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5.3. The M theory lift of M D6 branes near an 06 plane 

For the lift of M D6 branes plus one 06 plane at the origin, the warp factor is 



8"7T 2 \x 

where 



Z =l-^m + t( ZJ + Z ''). (5.5a) 



1=1 



Z J = ^j^n and Z 1 ' = 1— , (5.56) 

8ir z \x — xi\ 8n z \x + xj\ 

and there is a Z2 coordinate identification (x, x 10 ) = — (x, x 10 ). In this case, for each 
pair of centers xi,xj, we obtain a sphere Si t j from the S 1 fibration over a curve in M. 3 
connecting the two centers, together with its Z2 image. In addition, for each center xj 
and image center xj> = —xj, we obtain a sphere from the S 1 fibration over a curve 
in M 3 connecting xj and xj/ together with its Z2 image. A basis of H2 is obtain from the 
classes Sij+i for I = 1, . . . , M — 1, together with Sm-x,M'- The intersection numbers in 
this basis can be computed as in the previous case. The intersection matrix is minus the 
Cartan matrix of SO(2M), and the metric is a large radius approximation to that of a 
resolved Dm singularity. 

The metric is singular at sufficiently small \x\. However, we can choose representative 
cycles that avoid the bad regions where Z < 0. Therefore, we obtain correct topological 
data (intersection numbers) from the singular leading order lift. The full lift smoothly 
excises the Z < regions just as an Atiyah-Hitchin space did for the lift of an 06 plane 
alone. 

There is again a Poincare dual description. In this case, the harmonic representative 
of the cohomology class dual to S7,j is uJi t j = (F 1 — F J ) — (F 1 — F J ), and that of the 
cohomology class dual to is u>i,j' = (F 1 — F J ) — (F 1 — F J ). Here, F 1 is given by 
Eq. (pD and F 1 by the same formula with / replaced by I'. Explicit calculation shows 
that these cohomology classes give exactly a Dm intersection matrix. It is somewhat 
counterintuitive that we obtain the correct result, since the domain of integration includes 
the unreliable Z < regions. However, this result is expected since intersection numbers 
must be the same for other cohomology representatives that are supported away from the 
Z < regions. 
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6. (Co) homology, intersections, and fibration structure of the CY 3 duals 

In Sec. 4, we derived an approximate description of Calabi-Yau manifolds X$ dual 
to T 6 /Z2 with M = 2 flux. The approximate metric (fOj) contains a function Z' , which 
determines the overall scaling of the metric in the x 10 and the x 6 ' 7 ' 8 directions. We showed 
that Z' = 1 + (nh/2s)Z, with Z = 0(1) as h/s — > 0, so that by tuning h/s, we can make 
the unreliable Z' < regions smaller and smaller. In the limit h/s — > 0, the leading 
order metric becomes arbitrarily good approximation at most points. Moreover, nothing 
special happens at the bad loci (fixed points of X3); these loci locally have the geometry 
of an Atiyah-Hitchin space times M 2 in the exact description. Therefore, we expect the 
homology and cohomology to be reliably computable in the leading order description of 
the duality, just as in the previous section. 

6.1. Cohomology and intersection numbers of the Calabi-Yau duals 
Expressing the Kahler form (|4.12| ) in terms of Z, we have 

J = su>s + huHi (6-1) 

where 

Uh = mn 4 A rf + nZdx 6 A dx 7 + ndx 8 A (dx 10 + A) , (6.2a) 

uj s = 2dx 6 A dx 7 . (6.26) 

As in Sec. 5, we obtain one harmonic form for each D brane before the duality: 

uj i = F i -F 1 ', (6.2c) 



where now 



F 1 = (Z fI /Z') m (-dx m A (dx 10 + A) + \Z'R^ Vol M2 m np dx n A dx p ) 
+ 2m(Z' I /Z') (?7 4 A dx 7 - n 5 A dx 6 ) . 



(6.3) 



Here, Z' 1 = G(x, xi) in the notation of Sec. 3.2. If we define A 1 via dA 1 = * 3 dZ /J , 
then the Fj again have the local expression (|5.36|) . In the leading order description ( f4.4|) , 
wh,us,u/ form a basis for (the free part of) H 2 (X 6 ,Z). The corresponding intersection 
numbers are A ■ B ■ C = ^ J uja A ujb A uj c , where the factor of 1/2 is due to the Z2 
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identification of coordinates (|4.5|) . Letting Sj denote the Poincare dual of ui, one finds 
that 

H 2 ■ S = 2mn, H ■ Si ■ Sj = -mSu, others = 0. (6.4) 

To check that the harmonic forms uh,ojs,oji are correctly normalized represen- 
tatives of integer cohomology, we use the fact that for a IIA Calabi-Yau compact- 
ification with no discrete torsion, the continuous NS S-field moduli take values in 
{2ix) 2 a' H 2 (Xq, R)/Hf ree (XQ, Z). Since the periodicities of the S-field moduli can be 
deduced from the periodicities of the dual moduli in the T 6 /Z2 orientifold, the lattice 
H 2 (X 6 ,Z) follows. 

To verify the normalization of us, we note that (0(4)4567)^^ = (2ix) 2 a' {b(2) gt) cy - 
In this case, the dual periodicity is C(4)4 567 = C(4) 456 7 + 2 ■ (27r) 4 c/ 2 . The factor of 2 
is related to the orientifold projection.il Therefore, 2dx 6 A dx 7 generates a maximal ID 
sublattice of H 2 ree (XQ,Z) in the leading order description. In the next section, we will 
interpret the Calabi-Yau manifold Xq as a fibration over P 1 = T 2 &7 ^/12- The form us can 
then be interpreted as the pullback of the generator of H 2 (T 2 /T 2 , Z) to X G . 

For uh, the check is slightly more complicated, since we need to take into account 

moduli constraints. In this case, (&(2)45) CY = i^) 2 ® 1 ' \ c (o))t 6 /i, 2 an d (6(2) 8 10) CY = 
(27r) 2 a'(Re(— l/r^)) T6 The moduli C( ) and Re(— I/V3) have unit periodicity in the 
absence of flux; however, the flux imposes the moduli constaint 

(n/m)r di i = -l/r 3 o nb^ 45 = m6( 2 ) 8 io- (6-5) 

This moduli constraint implies the combined periodicity 

(6(2) 45,6(2) 8 10) - (6(2) 45, 6 ( 2) s 10) + (27r)V(m, n) , (6.6) 

where, as above, we define (fh, fi) = (to, n)/ gcd(m, n). Comparing Eq. ( |6.6| ) to ( |6.26| ), we 
see that uh is correctly normalized to generate a maximal ID sublattice of H 2 Tee (XQ,Z) 
in the leading order description. 

For the ui, the check is cumbersome but straightforward. We omit the details here. 
The harmonic forms ( |6.2cD are correctly normalized as a consequence of the periodicities of 



5 In Ref. |2|, this factor of 2 follows from formulae in Sees. Ill and IV relating type T 6 /Z2 in 
the absence of flux to type I, and subsequently to the heterotic string on T 6 . Another way to 
derive it is to require that exp(z <f> C(4)) be single- valued for D3 instantons wrapping half-cycles on 
T 6 that descend to cycles on T 6 jX% in the T 6 /Z2 orientifold. 
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the D3 brane worldvolume scalars in the T 6 /Z2 orientifold, or equivalently, the periodicities 
of the D6 brane worldvolume Wilson lines in the 06/D6 dual. 

The reader might wonder why there are only two explicit Kahler moduli in Eq. ( |6.1| ) , 
but 2 + M harmonic forms. The reason is that Kahler deformations in the uij directions can 
always be absorbed into the warp factor. Taking J — > J + tfuji for small t 1 deforms J to 
a nearby cohomology class whose harmonic representative in the corresponding deformed 
metric takes exactly the same form as (|6.1|), but with slightly displaced sources entering 
into the Poisson equation for Z' . 

6.2. Fibration structure 

The qualitative form of X§ that arose in Sec. 4 from the duality chain is as follows. 
We first fiber T? 4 5 y over T^ 678 y, then fiber S^ 1Q y over the resulting geometry, and finally 
quotient by the Z2 coordinate identification ( |4.5| ). This means that in the leading order 
description, the geometry is a fibration over Ty 6J8 y/l 3 . Since the latter is is nonorientable, 
this fibration is not very useful. However, we can instead view the geometry as a fibration 
over T^ 67 y/l2 = P 1 , where X2 takes (x G ,x r ) to — (x 6 ,x 7 ).i The field strengths of all 
connection 1-forms (A 4 , A 5 , A, or equivalently, A z ,A zS ) restrict trivially to the subspace 
(x 6 , x 7 ) = constant. Therefore, the generic fiber is the product Sy 1Q y x S^ 8 y x T^y = T 4 , 
with no twists. We can trust this result since our approximate description can be made 
valid to arbitrary accuracy away from the X3 fixed loci, and therefore suffices for describing 
the generic fiber. In fact, this T 4 has an additional structure that makes it an abelian 
surface. 

The Kahler form on the fiber is 

J fi b = hu, (6.7) 

where h is the same Kahler modulus as above and u is the 2-form 

u = mdy 4 A dy 5 + ndy 8 A dy 10 (6.8) 

on the fiber. Here, y m are coordinates with unit periodicity y m = y m + 1, which may 
or may not be the same as the coordinates x m restricted to a given point in the base, 
depending upon the choice of gauge for the connections. The possible values of (m, n) are 
(1, 1), (1,2), (1,3), (1,4), together with fa <-> n interchanges. 

6 The space T 3 /I3 is an S 1 fibration over T 2 /I2 with singular fibers at the four I2 fixed points. 
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In general, when T 2d has a Kahler form proportional to 

d 



uj = 



^ciidy 21 1 Ady 2 \ with a; | a i+ x, (6.9) 



we can apply the Kodaira Embedding Theorem, which states that |28j : a compact complex 
manifold X is an algebraic variety — i.e., is embeddable in a projective space — if and only 
if it has a closed (1, l)-form u> whose cohomology class [u] is rational^ 

In the case that X = T 2d , the variety is called an abelian variety and the cohomology 
class [u] is called a polarization. The integers a, are the invariants of the polarization |28[ . 
In our case, d = 2, so the the torus is an abelian surface, and the Calabi-Yau an abelian 
surface fibration over P. 



6.3. Homology 

We are now in a position to identify the homology classes Poincare dual to 
Eq. ( |6.2a, 6, c| ). The easiest to identify is the class S dual to u>s, which is the class of 
the abelian surface fiber. 

Since the fiber is an algebraic variety, it has at least a hyperplane class of divisors 
(obtained by intersecting the variety with codimension 1 hyperplanes of the projective 
space) . The class H dual to ujj is the fibration of the hyperplane class of T 4 over the P 1 
base. 

The remaining homology classes are very similar to those of Sec. 5.3. The leading order 
description on the Z2 cover is as follows. The class £ j — £j dual to ujj — ujj is represented 
by the fibration of T 2 45 y x Sj 1Q y over a real curve in T^ 678 y connecting xj to Xj, plus its 
Z2 image fibered over the curve connecting xr to xj>. This 4-cycle is the analog of the 
2-sphere Sij of Sec. 5.3: the circle S^ 1Q y shrinks at the endpoints, but now T 2 45 -, (which 
does not shrink) is fibered as well. Similarly, the class £j+£j dual to ujj+ujj is represented 
by the T 2 45 ^ x S^ 10 y fibration over a real curve in Tf 67g i connecting xi to xj>, plus its Z2 
image. This is the analog of Si } j> of Sec. 5.3. A complete basis of ^(X^, Z) in the leading 
order description is obtained from £j — £1+1 for / = 1, . . . , M — 1 and £m-\ + £m- On 
a divisor of class H, the intersection matrix of the curves corresponding to the divisors 
£1 — £1+1 (I = 1, . . . , M — 1) and £m-i + £m is proportional to the Dm Cartan matrix 

7 An algebraic variety is locally the common zero locus of set of homogeneous polynomials in 
a complex projective space. 
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(cf. Sec. 5.3 and Eq. (|6.4j)). This reflects the fact that there is enhanced SO(2M) gauge 
symmetry when all M D3 branes (and M image D3 branes) coincide with an 03 plane in 
the dual T 6 /Z 2 orientifold. 

Let us now give an alternative description of the last paragraph in terms of the abelian 
surface fibration over P 1 and the degenerations of this fibration. At each point (a; 6 , a; 7 ) = 
(xjjx'j) on the P 1 = T^ 67 y/X 2 base, the T 4 degenerates to T^ 45 y x I-y. The ii factor is 
T| 8 10} | (a-e x 7y which has a single node at x 8 = Xj where the S^ w y circle degenerates to 
a point (since Z'~ x — > in Eq. (|4.3|) ). Note that the same cycle degenerates in each I\. 
The class £j — £j is represented by the fibration of 2^ 45 j times the degenerating cycle 
of T^ g 10 | over a real curve in the P 1 base. In the full Calabi-Yau geometry, there are 
expected to be additional degenerations from the Atiyah-Hitchin-like regions that excise 
the Z' < regions of the leading order description. The class £j + Sj in the full geometry 
is represented by a T^ 45 y x S 1 fibration over a real ID locus in the P 1 that terminates at xj 
and xj as well as at the locations of other fiber degenerations in the Atiyah-Hitchin-like 
regions. In the leading order description, this locus is a real curve connecting xj to one of 
the four Z 2 fixed points, plus a curve connecting xj to the same fixed point; the S" 1 that 
degenerates is S{ 10 }- In the full Calabi-Yau geometry, the description is the same in the 
reliable regions; however, in the Atiyah-Hitchin-like regions, the ID locus in the P 1 base 
can become a more complicated junction of curves over which different S 1 cycles of T^ g 1Q y 
degenerate. 

We can gain some intuition for the geometry in the Atiyah-Hitchin-like regions as 
follows.! Consider an elliptic realization of the Dm space X4 of Sec. 5.3. In the F theory 
limit in which the area of the fiber is scaled to zero, M theory on X4 becomes a type IIB 
orientifold with one 07 plane and M D7 branes, i.e., the IIB background that is T-dual to 
the O6/D6 background of Sec. 5.3. In the F theory description, each D7 brane corresponds 
to an 1 1 degeneration of the elliptic fibration in which a (1,0) cycle of the fiber degenerates. 
The 07 plane resolves to a pair of (p, q) seven-branes with (p,q) = (1,1) and (1, — l).i Each 



The discussion in this paragraph is based on Ref. [29]. We refer the reader to the Dm section 
of Ref. p9| for a more complete exposition of the ideas presented here. 

9 This can be seen in the Seiberg-Witten theory [p0[ on a D3 brane probing an 07 plane [31]. 



Classically, there is a point of enhanced SU (2) symmetry where the D3 brane is coincident with 
the 07 plane. Nonperturbatively, there is no enhanced SU (2) point. The point resolves into a 
massless (1, 1) dyon point and a separate massless (1, —1) dyon point, corresponding to a D3 brane 
coincident with either of the two types of (p, q) seven-branes. (The massless hypermultiplets come 
from strings stretched between the D3 brane and seven-brane.) 
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(p, q) seven-brane corresponds to an I\ degeneration of the elliptic fibration of X4 in which 
a (p, q) cycle of the fiber degenerates. The rational curves Si j come from the fibration of 
the (1, 0)-cycle of the fiber over a real curve in the base connecting two of the locations 
of (1,0) I\ degenerations. The rational curves Si t ji come from the S 1 fibration over an 
H-shaped junction in the base, where xi and xj are the endpoints on the right edge of 
the letter H, and the locations of the two (p, q) degenerations are the endpoints on the left 
edge of the letter H. In the IIB description, this H-shaped junction is a string junction 
with two (1, 0) strings on the right, a (2, 0) string in the middle, and (1, 1), (1, —1) strings 
on the left. (The fundamental strings terminate on D7 branes, and (p, q) strings on (p, q) 
seven- branes.) In the M theory description, the junction fattens out into a rational curve 
Si^ji, where the S 1 that is fibered over a (p, q) segment of the junction in the base is the 
(p, g)-cycle of the elliptic fibration. 

We expect something similar to happen in the Calabi-Yau geometry, with the 2-cycles 
of the previous paragraph replaced by 4-cycles due to the extra two dimensions from 
T| 45 j. It is tempting to conjecture that in each of the four Atiyah-Hitchin-like regions of 
the Calabi-Yau, the T fiber degenerates to T 2 A ^ x Ii at two points on the base P 1 . (Each 
pair of points would coalesce in the leading order description to one of the four fixed point 
of X 2 in P 1 = T { 2 67} /J 2 .) Intuitively, the (m, n)-dependent global topology of the abelian 
surface fibration should not effect the local geometry in these regions. However, we do not 
yet have a sufficiently complete understanding of the geometry in the Atiyah-Hitchin-like 
regions to motivate this conjecture further. We leave this task for the future. 

6.4- Check of fibration result 

As a check that the Calabi-Yau duals of T 6 /Z 2 with Af = 2 flux are abelian surface 
fibrations over P 1 , recall the following theorem due to Oguiso 1|32|| , which is reviewed in 



Refs. [3^,25]: Let X be a minimal Calabi-Yau threefold. Let D be a nef divisor on X . If 



the numerical D-dimension of D equals one then there is a fibration $ : X — * W , where 
W is P 1 and the generic fiber is either a K3 surface or an abelian surface. 

The numerical .D-dimension of a divisor is simply the largest integer n such that 
D n 7^ 0. From the intersection numbers ( |6.4j) , we see that S 2 = 0, so S is a divisor of 
numerical D-dimension 1. A divisor is nef (numerically effective) if D ■ C > for any 
algebraic curve C. The space of nef divisors arises as the closure of the space of ample 
divisors (D ■ C > 0), which is important in realizing projective embeddings. However, 
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nefness is also a weaker analog of effectiveness. A divisor is effective if it is a formal linear 



combination of irreducible analytic hypersurfaces with nonnegative coefficients ||28|| . 

We now give a heuristic argument for why S should be effective. Due to the pairing 
( fll5|) , it is natural to attempt to define complex coordinates via 



<} = x 4 + r 2 x 5 , z 2 =x 6 + r 2 x 7 , z 3 = x 8 +tx 10 . 



However, as a consequence Eq. ( [4 . 1 6[ ) , of these are not holomorphic coordinates. For 



example, in the gauge A z = 2nz 2 dx 8 1 the globally defined (1, 0)-form r\ z is 

dz 1 + 2nz 2 dx 8 = d(z 1 - 2nx 8 ) + 2n(z 2 + l)dx 8 = d(z 1 - 2nr 2 x 8 ) + 2n(z 2 + r 2 )dx 8 , 
from which we deduce the nonholomorphic identifications (i.e., transition functions) 

(z\z 2 ,z 3 ) 9£ (z 1 - 2nRe(> 3 ),z 2 + 1, z s ) 9£ (z 1 - 2nr 2 Re(z 3 ), z 2 + r 2 , z 3 ) . 

Eq. (|4.16| ) implies that our tentative definitions of z 1 and z 3 need to be modified in order 
for the identifications to be holomorphic. However, it does not imply that the definition 
of z 2 needs to be modified. Assuming that it is not modified, a divisor of class S is given 
by the holomorphic equation z 2 = constant, and is therefore an effective divisor. It then 
follows from Oguiso's theorem that Xq a fibration over P 1 . 

To decide whether the generic fiber is K3 or an abelian surface, we use the following 
expression [|33| , |25[| for the Euler number of S, which follows from S 2 = together with the 
fact that both K3 and T 4 have vanishing first Chern class: 

X (S)= [ c 2 (S) = S-c 2 (X 6 ). (6.10) 
Js 

If x{S) = then the fiber is an abelian surface, and if x(S) = 24 it is a K3 surface. 

It is easy to evaluate the right hand side, since the quantity S ■ c 2 (X 6 ) is a familiar 
object that appears in the genus 1 topological A-model amplitude [|34| on Xq, 



Fx oc ^ (D a ■ c 2 (X G ))t a + worldsheet instantons. (6.11) 

a=l 

Here, the sum runs over a basis of H ' , with corresponding Kahler moduli t a and Poincare 
dual divisors D a . This topological string amplitude enters into a curvature squared term 
proportional to Re J Fxtr(R — R*) 2 in the 4D low energy effective action. In the T 6 /Z 2 
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orientifold, as in type I or the heterotic string on T 6 , F\ is determined by Green-Schwarz 
anomaly cancellation^ to be 

F\ oc Tdii + quantum corrections, (6-12) 

where rail = C(q) + i/g s - We will see in the next section that l/g s of the T 6 /Z2 orientifold 
maps to the Kahler modulus h of the Calabi-Yau Xq, i.e., there is no s-dependence in the 
first term of Eq. (|6.11|) . Therefore, x(S) = S ■ C2(Xq) = 0, and the fiber is an abelian 
surface. 



7. Torsion 1-cycles and discrete isometries of X, 



6 



We saw in Eq. (|2.15| ) that the C(4) scalars of the T 6 /Z2 orientifold are axionically 



coupled to the U(l) gauge bosons 6( 2 ) mM and C( 2 ) mM , with charges given by the 3- form flux. 
When the coupling is nonminimal and a component of C( 4 ) couples to Nb( 2 ) m ^ or Nc( 2 ) 
the corresponding £7(1) gauge symmetry is only partially broken, leaving a residual discrete 
gauge symmetry Z^v- These discrete gauge symmetries contain information about the 
torsion cycles and discrete isometries of the Calabi-Yau duals, Xq. 

Let us focus on the torsion 1-cycles and discrete isometries. Suppose that there is a Zjy 
1-cycle 7, i.e., a cycle such that ./V7 is trivial in Hi(Xq, Z). This means that a fundamental 
string can be wrapped on 7 with winding number conserved modulo N. The Za? gauge 
field that couples to the winding charge is J dx m b^) mfJ ,- Similarly, suppose that there is 
a discrete Z^v isometry. Then, in a coordinate system adapted to this isometry, there is a 
vector k m and a discrete Kaluza-Klein gauge field V^, such that the gauge transformations 
are x m — > x rn +Ak rn and —> V^—d^A, where A is a Zjy-valued function of the coordinates 



From the kinetic terms (|2.15| ) and flux (|2.8| ), the discrete gauge symmetries of the 
T 6 /Z2 orientifold and its Calabi-Yau duals are 

T 6 /Z 2 field Charge II A CY 3 field Gauge symmetry 



C(2)4 M 


n 




Z n 


C(2)5 M 


n 


6(2) 4/x 




& (2)4 M 


rn 


v\ 




6 (2)5 M 


m 







10 I thank A. Dabholkar for emphasizing this point to me. 
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together with other discrete gauge symmetries that correspond to higher dimensional tor- 
sion cycles. We conclude that Hi(Xq, Z) = Z n x Z n and that there is a Z m x Z m isometry 
in the Calabi-Yau threefold X^m^n). This in turn tells us something about the funda- 
mental group of Xq, since Hi(Xq,Z) is the abelianization of tti(Xq), defined as tvi(Xq) 
modulo its commutator subgroup. In particular, the fundamental group is nontrivial for 
n > 1. 



8. S-duality of T 6 /Z 2 as T-duality of abelian surface fibers 

In Sec. 2.2 we observed that interchange of the flux parameters (m, n) in the T 6 /Z2 
orientifold can be interpreted as S-duality followed by a 90° rotation in the 89-directions. 
On the other hand, in Sec. 7 we found that there is a Z n x Z n winding symmetry and 
Z m x Z m isometry in the Calabi-Yau dual description. Since T-duality interchanges winding 
and isometry (NS B-field and metric), this suggests that m <-> n interchange can be 
interpreted as some type of T-duality of Xq. Let us try to make this more precise. 

In the T 6 /Z2 orientifold, S-duality acts on the string coupling and string frame internal 
metric as0 

g s ->g s = l/g a , 
g-mn/oi' — > gmn/a' = g mn /(g 2 s a). 

We can map these S-duality transformations to transformations of the Calabi-Yau Kahler 
moduli h and s. For h, we have 

fnh v[ v[R' 9 _ v[R' 9 1 ^ 



(2n)2 a > CY (2tt)V cy (27r/M n ) 3 ^(27r v / ^ 7 ) 3 9s' 

where primes denote quantities in the 06/D6 background of Sec. 3.2, and the final l/g s 
on the right is in the T 6 /Z2 orientifold. Therefore, the m «-> n interchange duality inverts 
the Kahler modulus h in string units: 

mh fhh _ (2n) 2 a' CY 



where (m, n) = (n, m). Since h gives the size of the abelian surface fiber (cf. Eq. (|6.7|) ), this 
makes precise the geometrical interpretation of the m <-> n duality. It is T-duality of the 



11 Here, a' = a' is a common S-duality convention, but we will not need to specify a convention 
for the purposes of this section. 
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entire abelian surface fiber and relates two Calabi-Yau threefolds Xg(m, n) and Xg(n, m) 
of identical Hodge numbers. 

The modulus s also gets rescaled in the m <-> n duality. This rescaling is governed by 
the equation 

/ 2s \f mh \ _ f 2s \f 




9. Lessons from (non) candidates for explicit Calabi-Yau constructions 

The most thoroughly understood class of Calabi-Yau threefolds is the connected web 
of smooth Calabi-Yau threefolds that are hypersurfaces in 4D toric varieties. This class has 
been analyzed extensively by Kreuzer and Skarke, who tabulated all 473,800,776 reflexive 
polyhedra in four dimensions |TIJ. So, it is a logical first place to look for the Calabi-Yau 
duals of T 6 /Z2- We obtained a total of eight such manifolds Xe(m, n): 



M 






(m, n) 





(2,2) 


(4,1), 


(2,2), 


4 


(6,6) 


(3,1), 


(1,3) 


8 


(10,10) 


(2,1), 


(1,2) 


12 


(14, 14) 


(1,1) 





(1,4) 



To review, M gives the number of divisors other than S and H , and (m, n) determines 
the group Z n x Z n of torsion 1-cycles and discrete isometries Z m x Z m . The reduced pair 
(m, n) = (m, n)/ gcd(m,n) gives the polarization invariants of the abelian surface fibers 
and determines the intersection numbers of the threefold. 

The hypersurface Calabi-Yau manifolds of Kreuzer and Skarke have trivial fundamen- 
tal group aside from 16 exceptional cases, so we can at best expect to find the n = 1 
duals of T 6 /Z2 in this class.0 Explicitly searching for the above Hodge numbers in the 
database of Ref. | 36fl , we find only the pair (14, 14), which appears three times. So, there 
are three candidate hypersurface Calabi-Yau threefolds. Each of these threefolds can be 
shown to be fibered by elliptic K3 surfaces in multiple ways We do not have any 

reason to believe that our (14,14) abelian surface fibered threefold is also an elliptic K3 



12 The exceptional cases were described in Ref. [35] and can be ruled out explicitly. I thank 
M. Kreuzer for pointing out their existence and for subsequent email correspondence. 



13 



I am grateful to B. Florea for insights on these threefolds and for introducing me to PALP [35]. 
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fibration, nevertheless this a logical possibility. On the other hand, there seems be a 
folk theorem that abelian surface fibered Calabi-Yau manifolds cannot be realized as toric 
hypersurfaces P?H , so we deem this possibility unlikely. 



Looking back at Eq. ( |4.15|) , the appearance of the T 2 modular parameters t<i and r 
suggests that we try to construct X G as free quotient of the product 

A = E T2 x E T2 x E T (9.1) 

of three elliptic curves, two of which are the same. In fact, Oguiso and Sakurai have 
considered an explicit construction of exactly this type.0 In Ref. |HJ, these authors 



prove that the only Calabi-Yau threefolds that are given by quotients involving an abelian 
threefold A are of the form X = A/G, where G is a finite automorphism group acting 
freely on A, and G = Z2 x Z2 or Dg. They refer to (A, G) in these two cases as Igusa's 
pair and Igusa's refined pair, respectively. In each case, the resulting Calabi-Yau threefold 
is an abelian surface fibration over P 1 . Moreover, in the first case h ' = 3 and in the 
second case h 1 ' 1 = 2. So, the second case is a candidate for our three Calabi-Yau duals 
with Hodge numbers (2, 2). 

However, this candidate can be ruled out for two reasons. The simpler reason is that 
Hi(X, Z) is not Z n x Z n . From the explicit construction provided for Igusa's refined pair 
(Example (2.18) in Ref. []39[]), we can identify the generators of 7ti(X) explicitly and then 
abelianize to obtain H±(X, Z) = (Z2) 6 . On more general grounds, we can employ the 
Cartan-Leray spectral sequence,^! to obtain the short exact sequence 

-> fli(G,Z) -> HxiA/CZ) -> H 1 (A,Z) G -> 0. (9.2) 

Here, Hi(G, Z) is the abelianization of G, which for G = Dg is (Z2) 2 . The group H 1 (A, Z)g 
is the Z 6 lattice that defines the abelian threefold A, modulo identifications x = gx for 
g G G; in the case that G = Ds, one finds that this is (Z2) 4 . Therefore, Hi(A/G,Z) = 
(Z2) 2 x (Z2) 4 , in agreement with the explicit computation. 

The second reason is potentially more useful. A Calabi-Yau manifold X is a quotient 
of an abelian threefold if and only if C2(X) = 0. (See the discussion in Ref. []39| and 



Refs. pi| , |^2| contained therein.) For the purposes of Sec. 6.4, we were content to show 



14 This example can only be realized as a complete intersection and not as a hypersurface [38] 
in agreement with the folk theorem mentioned in the previous paragraph. 
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I thank V. Braun for explaining this and for directing me to Chapter 8 1S of Ref. [40]. 
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that C2(Xq) ■ S = 0. However, with a little more work, we can compute C2(Xq) explicitly. 
In the conventions of Ref. []33j , the precise statement of Eqs. ( |6.11|) and ( |6.12|) is 



F\ = 5Z("^ a ' C2 (^6))^ a + worldsheet instantons, 

« =1 (9.3) 

47T2 

= (M + 8)rdii + quantum corrections, 

1 2 

where the first line is the expression in the type IIA Calabi-Yau compactification and 
the second line is the expression in the T 6 /Z2 orientifold with M D3 branes. The term 
proportional to M is due to the D3 branes and the term proportional to 8 is due to the 
03 planes ||43|| . The normalization of the t a is such that the shift symmetry is t a = t a + 1. 



Using the result (|8.2|) , we have 

Im(rdii) = mh/ ((2n 2 )a' CY ) = mt H . (9.4) 

Therefore, 

H ■ c 2 (X 6 ) = m(M + 8) and D a ■ c 2 (X 6 ) = otherwise. (9.5) 
In particular, C2(Xq) ^ 0, which means that 

Xq is not the quotient of an abelian threefold. (9-6) 



This result has important implications for worldsheet instantons corrections in the 
type IIA compactification on Xq, since it is expected that most (all?) Calabi-Yau mani- 
folds that are not quotients of abelian threefolds contain rational curves |3^]. Moreover, 
if such instantons exist in the Calabi-Yau duals, then there are corresponding worldsheet 
or D instanton corrections to the T 6 /Z2 orientifold with M = 2 flux. It would be very 
interesting to identify explicit constructions of the Calabi-Yau duals and settle this issue. 
Either way we learn something new: the nonexistence of rational curves would be a coun- 
terexample to a conjecture that all Calabi-Yau manifolds other than quotients of abelian 
threefolds have rational curves; their existence would imply new corrections to the T 6 /Z2 
orientifold that have not been deduced by any other means. 
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10. Conclusions and outlook 

Let us review the main results of this investigation. We have seen that the T 6 /Z2 
orientifold with TV = 2 flux has standard type IIA Calabi-Yau duals. Depending upon the 
choice of flux parameters (m, n) , we obtained eight possible dual Calabi-Yau threefolds 
Xq(i7i, n), with Hodge numbers 

(ft 1 ' 1 , ft 2 ' 1 ) = (2,2) 3 , (6,6) 2 , (10, 10) 2 , and (14, 14) 1 . 

Here, the superscripts indicate degeneracies which are further distinguished by the integers 
(to, n), satisfying 

4mn = 16 — M, where h 1 ' 1 = h 2 ' 1 = M + 2. 

The integers (to, n) determine the discrete gauge symmetries of the Calabi-Yau compacti- 
fication, 

Z n x Z n winding, and Z m x Z m isometry, 
as well as the intersection numbers 

H 2 ■ S = 2mn, H ■ £j ■ Ej = —m5u, where (to, n) = (m, n)/ gcd(m,n). 

Finally, we have seen that the Calabi-Yau Xg(m, n) is an abelian surface (T 4 ) fibration over 
P 1 with polarization invariants (m, n) . We identified m «-> n interchange with S-duality 
times a 90° rotation in the T 6 /Z2 orientifold, and with T-duality of the entire abelian 
surface fiber in the dual Calabi-Yau description. 

We have not succeeded in providing explicit algebro-geometric constructions of these 
Calabi-Yau manifolds. However, by calculating C2{Xq) we were able to demonstrate that 
they are not free quotients of abelian threefolds (T 6 ). This makes it very likely that there 
exist rational curves in Xe(m, n) and corresponding instantons in both the Calabi-Yau and 
T 6 /Z2 descriptions. If this is so, then we have identified nonperturbative corrections in the 
T 6 /Z2 orientifold that were not previously known. If it is not so, then we have identified 
Calabi-Yau manifolds that do not have rational curves and that are not quotients of abelian 
threefolds, which is also an interesting result. 

By relating TV = 2, T 6 /Z 2 vacua to standard type IIA Calabi-Yau vacua, we have 
shown that the latter are part of a connected family in the sense of [|nj. Without ex- 
plicit constructions of the dual Calabi-Yau manifolds, there remains the stronger question 



29 



of whether these vacua are connected to a large web through a common moduli space. 
Perturbative reasoning suggests that there are no extremal transitions. In the T 6 /Z2 ori- 
entifold, there are only D3 branes. When two D3 branes meet, we do not perturbatively 
expect to find a transition to a Higgs branch analogous to the transition that takes place 
when a D3 brane dissolves into a D7 brane and become worldvolume flux. However, this 
reasoning can fail nonperturbativelyJi! An explicit construction of the Calabi-Yau duals 
would make it clear whether conifold transitions can occur. 

For the future, we leave open the problem of explicitly constructing the Calabi-Yau 
duals of the T 6 /Z2 based on the data provided here. We have seen that such duals always 
exist for T 6 /Z2 with Af = 2 flux. A similar statment should hold for the K3xT 2 /Z 2 orien- 
tifold with Af = 2 flux.0 It would be interesting to perform the required dualities, which 
in this case amount to T-dualities in two of the K3 directions (i.e., mirror symmetry) and 
one of the T 2 directions. Finally, we would like to know whether there also exist het- 
erotic duals in the Af = 2 case, and ultimately, to what extent flux compactifications have 
standard fluxless duals in the phenomenologically relevant case of Af = 1 supersymmetry. 
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